We pose some open problems related to boundedness of real-valued functions on balleans and coarse spaces. Also we prove that the Bergman property of groups is a coarse invariant.
Introduction
A ballean is a pair (X, E X ) consisting of a set X and a family E X of subsets of the square X × X satisfying the following three axioms:
(1) each E ∈ E X contains the diagonal ∆ X = {(x, x) : x ∈ X} of X; (2) for any E, F ∈ E X there exists D ∈ E X such that E • F −1 ⊂ D, where E • F := {(x, z) : ∃y ∈ X such that (x, y) ∈ E and (y, z) ∈ F } and F −1 := {(y, x) : (x, y) ∈ F }. (3) E X = X × X.
The family E X is called the ball structure of the ballean (X, E X ) and its elements are called entourages. For each entourage E ∈ E X and point x ∈ X we can consider the set E[x] := {y ∈ X : (x, y) ∈ E X } called the ball of radius E centered at x. For a subset A ⊂ X the set E[A] := a∈A E[x] is called the E-neighborhood of A. Observe that E = x∈X {x} × E[x], so the entourage E can be recovered from the family of balls E[x], x ∈ X.
For a ballean (X, E X ) and a subset Y ⊂ X the ballean (Y, E X ↾Y ) endowed with the ball structure E X ↾Y := {(Y × Y ) ∩ E : E ∈ E X } is called a subballean of X.
Any metric space (X, d) carries a natural ball structure {E ε : ε > 0} consisting of the entourages E ε := {(x, y) ∈ X × X : d(x, y) < ε}.
A ballean (X, E) is called a coarse space if for any entourage E ∈ E X , any entourage F ⊂ E belongs to E X . In this case E X is called the coarse structure of X. For a coarse structure E, a subfamily B ⊂ E is called a base of E if each set E ∈ E is contained in some set B ∈ B. It is easy to see that each base of a coarse structure is a ball structure. On the other hand, each ball structure E on a set X is a base of the unique coarse structure
If the ball (or coarse) structure E X is clear from the context, we shall write X instead of (X, E X ). More information on balleans and coarse spaces can be found in [4] , [5] , [8] , [?] , [10] , [12] , [13] , [14] .
A subset B ⊂ X of a ballean (X, E X ) is called bounded if B ⊂ E[x] for some E ∈ E X and x ∈ X. A ballean X is bounded if X is a bounded set in (X, E X ).
The family B X of all bounded subsets is called the bornology of the ballean (X, E X ). If the ballean X is unbounded, then the bornology B X is an ideal of subsets of X. A family I of subsets of a set X is called an ideal on X if I is closed under finite unions and taking subsets, and I = X / ∈ I.
Given a ballean X a real-valued function f : X → R is called
• eventually macro-uniform if for every E ∈ E X there exist C > 0 and B ∈ B X such that diam f (E[x]) < C for each x ∈ X \ B; • boundedly oscillating if there exists C > 0 such that, for every E ∈ E X , there is B ∈ B X such that diam f (E[x]) < C for each x ∈ X \ B; • slowly oscillating if for every E ∈ E X and ε > 0, there exists B ∈ B X such that diam f (E[x]) < ε for each x ∈ X \ B; • constant at infinity if there exists c ∈ R such that for any neighborhood U ⊂ R the complement X \ f −1 (U ) is bounded in X.
We say that a ballean X is • b-bounded if each bornologous function on X is bounded;
• mu-bounded if each macro-uniform function on X is bounded;
• emu-bounded if for every eventually macro-uniform function on X, there exists B ∈ B X such that f is bounded on X \ B; • bo-bounded if, for every boundedly oscillating function f on X, there exists B ∈ B X such that f is bounded on X \ B; • so-bounded (or pseudobounded) if for every slowly oscillating function f on X there exists B ∈ B X such that f is bounded on X \ B.
For any ballean X we have the implications:
b-bounded + 3 mu-bounded emu-bounded k s + 3 bo-bounded + 3 so-bounded If a ballean X is unbounded and E X has a linearly ordered base then X is b-unbounded iff X is mu-unbounded iff E X has a countable base.
We say that a ballean X is locally finite if B X = [X] <ω , equivalently, each ball in X is finite.
A locally finite ballean X is emu-bounded if and only if X is mu-bounded. If a locally finite ballean X is bo-bounded (so-bounded), then every bo-function (so-function) on X is bounded. Example 1.1. Let κ, µ be infinite cardinals such that κ ≤ µ. We denote by S κ the group of all permutations of κ and, for each
Then the family {E F : F ∈ [S κ ] <µ } forms a base for some coarse structure E on κ. We denote the ballean (κ, E) by B κ,µ and observe that a subset B ⊂ κ is bounded if and only if |B| < µ.
We show that B κ,µ is mu-bounded and emu-bounded. To see that B κ,µ is mu-bounded, we take an unbounded function f : κ → R and show that f is not macro-uniform. We choose a sequence (x n ) n∈ω in κ such that |f (x n+1 )−f (x n )| > n and define a bijection h : κ → κ by the rule h(x 2n ) = x 2n+1 , h(x 2n+1 ) = x 2n and h(x) = x for all x ∈ X \ {x n : n ∈ ω}. Then diam f (E {h} [x n ]) > n, which means that f is not macro-unifiorm.
Next, we show that the ballean B κ,µ is emu-bounded. Given an eventually macro-uniform function f : κ → R, we should find a set B ⊂ κ of cardinality |B| < µ such that the set f (κ\B) is bounded. If µ = ω, then the eventually macro-uniform function f is macro-uniform and f is bounded by the mu-boundedness of B κ,µ . So, we assume that the cardinal µ is uncountable.
To derive a contradiction, assume that for any subset B ⊂ κ of cardinality |B| < µ, the set f (κ \ B) is unbounded. By transfinite induction, for every ordinal α < µ we can construct a sequence {x α,n } n∈ω ⊂ κ such that |f (x α,n+1 ) − f (x α,n )| > n and x α,n / ∈ {x β,m : β < α, m ∈ ω} for every n ∈ ω. Consider a permutation h ∈ S κ such that h(x α,2n ) = x α,2n+1 , h(x α,2n+1 ) = x α,2n for all α < µ and n ∈ ω. Since the sets {x α,n } n∈ω , α < µ, are pairwise disjoint, for any set B ⊂ κ of cardinality |B| < µ there exists an ordinal α < µ such that
, which means that f is not eventually macro-uniform. But this contradicts the choice of f . This contradiction implies that for some set B ⊂ κ of cardinality |B| < µ the set f (κ \ B) is bounded.
These are the routine verifications that all above defined boundedness are stable under coarse equivalences.
Tall and antitall bornologies
By a bornology on a set X we understand any family B of subsets of X such that B = X and B is closed under finite unions and taking subsets. In particular, for any infinite cardinal κ the family
[X] <κ := {A ⊂ X : |A| < κ} is a bornology on X.
A bornology B on a set X is called tall if every infinite subset of X has an infinite bounded subset. A bornology B is tall iff every bornologous function on X is bounded. Hence, a ballean Y is b-bounded iff B Y is tall.
A bornology B on X is called antitall if every unbounded subset of X contains an unbounded subset Y such that all bounded subset of Y are finite. A bornology B is antitall iff, for every unbounded subset Y of X, there is a bornologous function on X such that f is unbounded on Y .
By Proposition 1 [11] , each bornology is the intersection of a tall and an antitall bornologies. We endow X with the discrete topology and put X * = βX \ X, B ♯ X = {p ∈ X * : P / ∈ B X for each P ∈ p}. Then B is tall iff B ♯ X is nowhere dense in X * , and B is antitall iff int B ♯ X is dense B ♯ X .
Discrete balleans
A ballean X is discrete if for any E ∈ E X there exists a bounded set B ⊂ X such that
It is easy to see that a ballean X is discrete iff every function f : X → R is slowly oscillating iff every function f : X → {0, 1} is slowly oscillating.
A discrete ballean X is b-bounded iff X is mu-bounded iff B X is tall. A discrete ballean X is emu-bounded iff X is bo-bounded iff X is so-bounded iff B ♯ X is finite and each ultrafilter from B ♯ X is countably compete.
A discrete ballean X is called ultradiscrete if the family {X \ B : B ∈ B X } is an ultrafilter on X.
It follows that every ultradiscrete ballean X is mu-bounded but X is emu-bounded iff the ultrafilter of unbounded subsets of X is countably complete.
More information on discrete balleans can be found in [13, Chapter 3] .
Example 3.1. Let X be a discrete ballean whose bornology coincides with the family [X] ≤ω of at most countable sets on an uncountable set X. The ballean X is mu-bounded but each function f : X → R is slowly oscillating and hence eventually macro-uniform. So, X is not emu-bounded and not so-bounded.
Since each macro-uniform function is eventually macro-uniform, each emu-bounded ballean is mu-bounded. Example 3.1 shows that the converse implication does not hold.
Groups
We endow each group with the finitary group ballean consisting of the entourages
<ω .
Every infinite group G is b-unbounded, and G is mu-unbounded provided that G has a countable quotient. Clearly, G is emu-bounded iff G is mu-bounded.
In Section 6 we shall present some examples of mu-bounded groups. Given a ballean X, we say that a function f : X −→ R is constant at infinity if there exists c ∈ R such that, for each > 0, there exists B ∈ B X such that |f (x) − c| < ε for each x ∈ X \ B. Example 3.3 from [9] shows that every free group is not so-bounded. Proof. Let f : X × Y → R be an mu-function. For each x ∈ X, the function f x : Y → R, defined as f x (y) = f (x, y), is an mu-function, so f x is bounded. We define s : X → R by s(x) = sup{f x (y) : y ∈ Y }. It suffices to show that s is an mu-function so s is bounded. We take an arbitrary E ∈ E X , E = E −1 , put H = E × △ Y and choose C > 0 such that Proof. We prove only the third statement. Let X, Y be so-bounded. Assume that Y is bounded and take an arbitrary so-function f : X × Y −→ R. We fix y 0 ∈ Y and choose B ∈ B X such that the function f (x, y 0 ) is bounded on X \ B. We pick C ∈ B X such that B ⊆ C and |f (x, y)−f (x, y ′ )| < 1 for each x ∈ X\C. Then f is bounded on (X ×Y )\(C ×Y ).
Assume that Y is locally finite and take an arbitrary so-function f : X × Y −→ R. Since Y is locally finite, the function f x : Y −→ R, f x (y) = f (x, y) is bounded. Then the function s(x) = sup{f x (y) : y ∈ Y } is well-defined. Applying arguments from the proof of Theorem 5.1, one can see that s is slowly oscillating. Hence, there is B ∈ B X such s is bounded on For more results on products of balleans, see [2] .
6. On mu-bounded groups Definition 6.1. A group G is defined to be
• n-Shelah for some n ∈ N if for each subset A ⊂ G of cardinality |A| = |G| we have A n = G; • Shelah if it is n-Shelah for some n ∈ N;
• almost Shelah if for each subset A ⊂ G of cardinality |A| = |G| there exists n ∈ N such that A n = G; • Jónsson if each subsemigroup A ⊂ G of cofinality |A| = |G| coincides with G;
• Kurosh if each subgroup A ⊂ G of cofinality |A| = |G| coincides with G;
• Bergman if G cannot be written as the union a strictly increasing sequence (X n ) n∈ω of subsets such that X n = X −1 n and X 2 n ⊂ X n+1 for all n ∈ ω. For any group G the following implications hold:
Shelah constructed a ZFC-example of an uncountable Jónsson group and a CH-example of an infinite 6640-Shelah group. More precisely, for every cardinal κ with κ + = 2 κ there exists a 6640-Shelah group of cardinality κ + = 2 κ . In [3] Bergman proved that the permutation group S X of any set X is Bergman. Later it was shown [7] , [16] that many automorphism groups (of sufficiently homogeneous structures) are Bergman.
Theorem 6.2. For a group G the following conditions are equivalent:
(1) G is mu-bounded.
(2) G is Bergman. The conditions (1) , (2) follow from (3) G is almost Shelah and cof(|G|) > ω.
Proof.
(1) ⇒ (2) Assume that the group G fails to be Bergman. Then G = n∈ω X n for some strictly increasing sequence of subsets of G such that X n = X −1 n and X 2 n ⊂ X n+1 for all n ∈ ω. We lose no generality assuming that X 0 = ∅.
We claim that the function ϕ : G → N ⊂ R assigning to each x ∈ X the unique number n ∈ N such that x ∈ X n \ X n−1 is macro-uniform. It follows from X 2 n ⊂ X n+1 that ϕ(gx) ≤ 1 + max{ϕ(g), ϕ(x)} ≤ ϕ(x) + (1 + ϕ(g)) for every g, x. Then ϕ(x) = ϕ(g −1 gx) ≤ ϕ(gx) + (1 + ϕ(g −1 ) ) and hence ϕ(gx) ≥ ϕ(x) − (1 + ϕ(g −1 ). Therefore,
which implies that the map ϕ is macro-uniform. Since the sequence (X n ) n∈ω is strictly increasing, the map ϕ is unbounded, so G is not mu-bounded.
(2) ⇒ (1) Assume that G admits an unbounded macro-uniform function ϕ : G → R. We lose no generality assuming that ϕ(e) = 0 where e is the unit of the group G. Then for every finite set F ⊂ G there exists a number n F ∈ N such that ϕ(F x) ⊂ [−n F , n F ] + ϕ(x) for every x ∈ G. For every n ∈ N let X n = {g ∈ G : n {g,g −1 } ≤ n} and observe that (X n ) n∈ω is an increasing sequence such that X n = X −1 n and n∈ω X n = G. For every n ∈ ω let Y n = X 2 n n and observe that
n for some n ∈ ω. By induction we shall prove that ϕ(X k n ) ⊂ [−nk, nk] for k ∈ ω. For k = 0 we have ϕ(X 0 n ) = ϕ({e}) = {0} = [−n0, n0]. Assume that for some k ∈ ω we have proved that ϕ(X k n ) ⊂ [−nk, nk]. Taking into account that for every g ∈ X n and x ∈ G we have ϕ(gx) ⊂ ϕ(x) + [−n {g} , n {g} ] ⊂ ϕ(x) + [−n, n], we conclude that ϕ(X n x) ⊂ ϕ(x) + [−n, n] and hence ϕ(X Then ϕ(G) = ϕ(X 2 n n ) ⊂ [−n2 n , n2 n ], which means that the function ϕ is bounded. Finally we prove that (3) ⇒ (2). Assume that G is almost Shelah and cof(|G|) > ω. Assume that G = n∈ω X n for some increasing sequence of subsets such that X n = X −1 n and X n · X n ⊂ X n+1 for all n ∈ ω. By induction we can show that X 2 k n ⊂ X n+k for every k ∈ ω. Since cof(|G|) > ω, there exists n ∈ ω such that |X n | = |G|. Since G is almost Shelah, G = X 2 m n ⊂ X n+m for some m ∈ ω and hence X n+m = G, which contradicts the choice of the sequence (X k ) k∈ω . Corollary 6.3. The permutation group S X of any set X is mu-bounded. 
